We study the dynamics of electroweak bubbles in the scenario of a strong first order inverse electroweak phase transition at the TeV scale involving the global structure of the nonlinear sigma field in the littlest Higgs model with T parity. Employing the one-loop order finite temperature effective potential, we find that the pressure in the symmetric phase i.e., inside the bubble is always greater than that in the asymmetric phase i.e., outside the bubble, so that the bubbles are expanding. By calculating the fluid velocities in the two phases we arrive at the condition of a supersonic deflagrated motion of the bubble walls. We then discuss the generation of gravitational waves from the collisions of such bubbles as well as from the turbulence of the plasma. 
I. INTRODUCTION
In recent years, dynamics of electroweak bubbles, associated with a first order phase transition, has been studied in the Standard Model (SM) [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] and its extensions [12] [13] [14] [15] , Two-Higgs Doublet Model (TDHM) [16] , the Minimally Supersymmetric Standard Model (MSSM) [17, 18] as well as in model-independent way [19, 20] . Also, aspects of gravitational waves (GW), as would be generated by bubble collisions and due to turbulence in the plasma have been investigated [21] [22] [23] [24] [25] [26] [27] [28] .
Knowledge of bubble dynamics and the concomitant CP violation [29] help us to understand the electroweak phase transition (EWPT) and electroweak baryogenesis (EWBG) scenario in more detail in a specific model.
Depending on the strength of the first-order phase transition and the nature of the finitetemperature effective potential (FTEP) in a model calculation, the motion of the bubble wall may belong to various categories, viz., deflagrations, detonations, hybrids or runaway [20] .
Also, the motion can be supersonic, Jouguet or subsonic depending on whether the velocity of the plasma inside the bubble is greater than, equal to or less than the sound velocity in the medium, respectively. Usually, deflagrations are subsonic and detonations are supersonic.
However, no clear-cut classification can be made in this regard. Although hydrodynamical equations give general features of bubble wall motion, microscopic analysis including friction of the bubble wall is necessary for getting the detailed information regarding the bubble wall velocity [13, 20] .
Gravitational waves, which are considered to be the essential features of Einstein's General Theory of Relativity, have not been experimentally detected so far, although efforts are on in this direction [28] . Gravitational waves at the electroweak scale are believed to have been generated either by bubble wall collisions or by turbulence of the plasma.
The littlest Higgs model (L 2 HM) [30] and the littlest Higgs model with T parity (LHT) [31] [32] [33] are economical beyond Standard Models (BSM) which can solve the little hierarchy problem. The LHT conforms to the electroweak precision data. In order to explore the prospects of EWPT and EWBG, finite-temperature calculations have been performed [34] [35] [36] in these models. In Ref. 36 , an inverse strong first order EWPT has been observed in the global structure of the effective potential at the value of the physical Higgs field, h = 1.1
TeV with transition temperature, T c = 0.9 TeV.
In Ref. 37 , a two-step baryogenesis scenario associated with the inverse phase transition in the TeV scale has been presented. In the first step, the Universe makes a transition from an electroweak broken phase above T c to a symmetric phase below T c . Bubbles of symmetric phase are formed in the background of asymmetric phase. Baryon number violations take place within these bubbles due to sphaleron transitions induced by T even massless gauge boson fields. In the second step, a cross-over takes place at T ≈ 0.1 TeV and the process of baryogenesis gets completed between the temperatures, 0.9 TeV and 0.1 TeV.
In view of the proposed new aspects [36] of the EWPT at the TeV scale and the associated EWBG scenario [37] , we expect to find new features of the bubble dynamics as well as GW in the LHT.
The purpose of this paper is to examine the properties of the symmetric phase bubbles associated with an inverse strong first order EWPT and a new baryogenesis scenario therewith.
In section II, we demonstrate the expansion of the symmetric phase bubbles. In section III, we calculate the bubble nucleation rate and time and in section IV, we study the bubble wall velocity. In section V we investigate the features of gravitational wave generation in our model. Finally, in section VI we make some concluding remarks.
II. EXPANSION OF THE SYMMETRIC PHASE BUBBLES
The presence of bubbles in the model under consideration is schematically shown in Fig.1 . Here we have a situation which is opposite to that in the case of SM, viz., we have the symmetric phase bubbles in the background of the asymmetric phase. Whether these bubbles will contract or expand will depend on the difference of pressure in the two phases.
The pressures are completely determined by the FTEP [36] and can be written as [4] ,
where, p in and p out are the pressures inside and outside the bubbles respectively. It should be noted that h = 1.1 T eV is the value of the physical Higgs field, where the phase transition is observed.
So far as the FTEP is concerned, two comments are in order here. Firstly, in the calculation of FTEP in Ref. 36 , the effects of mirror fermions, which are instrumental in the non-minimal CP violation [38] in the LHT models, were not taken. Subsequently, we have which the plot is shown in Fig.2 . We observe that the excess pressure within the symmetric phase bubbles is always positive. From this we may conclude that after the inverse EWPT at T c =0.9 TeV, the symmetric phase bubbles will expand in the background of the asymmetric phase.
III. NUCLEATION RATE AND TEMPERATURE
The excess free energy [3] in a true vacuum bubble, which is a symmetric phase bubble in the present case, can be written as,
where, we have assumed that the bubble is spherical and R is the radius of the bubble.
∆F (T ) is the same as the three-dimensional Euclidean action, S 3 [42] which is related to the four-dimensional Euclidean action S E as S 3 = S E /T in the imaginary time formalism of finite-temperature field theory. Eq.2 is the energy which causes the symmetric phase bubble to expand in the present scenario. The derivative term in Eq.2 corresponds to a surface energy and the potential term a volume energy. In the thin wall approximation, appropriate for a strong first-order phase transition, the derivative of the Higgs field can be written as [42] , ± 2V (h, T ) in the limit of exact degeneracy of the potential minima at T = T c . A positive value of the derivative would reflect the fact that in our case as we go from the centre of a symmetric phase bubble to the boundary, the VEV of h increases from 0 to 1.1 TeV. To avoid using an ansatz of the field in the r space, we then change the integration variable from r to h and approximate the surface term as, 4πR 2 σ(T ), where
2V (h, T )dh can be called the surface energy density. We also write the volume term in Eq.2 as 4 3 πR 3V (h, T ) whereV (h, T ) is an average effective potential inside the bubble. Since the potential inside the bubble should be measured with respect to that outside, we can writeV (h,
we write the volume term as, − .
The bubble nucleation rate per unit time per unit volume can be written in terms of the excess free energy ∆F C (T ) of the critical bubble as [43, 18] ,
The bubble nucleation temperature T N , which is somewhat lower than T c in the case of first order phase transition, is defined as the temperature at which the rate of nucleation of a critical bubble within a horizon volume is equal to the Hubble parameter at that temperature. Since the horizon scale is approximately H(T ) −1 the nucleation temperature can be defined by the equation,
where g * (T ) is the relativistic degrees of freedom and m P l ≃ (1.22 × 10 16 T eV ) is the Planck mass. From Eqs. (3) and (4), we get,
Eq.5 can be graphically solved for T N . Denoting the LHS of Eq.5 as f (T N ), we show in nucleation temperature can also be determined from the consideration of the fact that the space-time integrated nucleation rate (i.e., the nucleation probability) should be of order 1 [13] : Now the horizon scale is roughly 2t and so, volume = (2t) 3 . Using the time-temperature relations [42, 13] ,
we get the integral in Eq.6, which is the total nucleation probability of a single bubble, as,
Results of evaluation of this integral for different values of T N are shown in Table 1 . We see from Table 1 that consistent with Eq.6, the value of T N should be 0.635 TeV.
IV. THE NATURE OF BUBBLE AND WALL VELOCITY
The entropy, energy and enthalpy densities are defined in terms of the pressure p(T ) as, We have then the following equations, valid for a first-order phase transition.
and
where, the quantities with the subscript, '+' refer to those in the high-temperature phase ( i.e., the phase outside the bubble) and the subscript, '−' is for the quantities in the lowtemperature phase (i.e., the phase inside the bubble).
The latent heat L is defined as the difference between the energy densities of the two phases at T = T c and thus,
Solving hydrodynamical equations [20, 44, 45] , we get,
where, γ = 1/ √ 1 − v 2 , v being the velocity being assumed to be aligned in a particular direction, say, the z-direction.
Equivalently, we get,
whence, we obtain,
where, it is implied that,
, T + being the temperature outside the bubble and T − inside.
The bubble motions can be broadly classified as [13] , (i) Deflagration : The velocity of the plasma inside the bubble is more than outside, Deflagrations and detonations are also characterized by the following temperature constraints [13, 19, 20] :
The above characterizations show that the detonation cases are easier to investigate because of the condition, T + = T N . Fig.4 , we are getting an indication of supersonic deflagration [19] for the bubble wall motion here. To study the bubble wall motion, let us use the following so-called bag equations of state [13] :
and the entropy density,
where,
are numbers related to the number of relativistic species present in the plasma. It is interesting to see the physical significance of the quantity ε. Since at T c , the pressure difference between the two phases is zero, we get from Eq.16,
Then, from the expressions of entropy and latent heat we get, L = 4ε (20) which shows that ε is closely related to the amount of latent heat L of phase transition.
We now define two important quantities upon which the bubble wall velocity depends:
From hydrodynamics, we get a relationship between the plasma velocities in terms of α as [46] ,
where, the +(−) sign corresponds to the detonated (deflagrated) motion of the bubble.
As we have argued earlier, the motion of the bubble is deflagrated rather than detonated.
Accordingly, we shall study, henceforth, the deflagrated motion of the bubble, taking the '−' sign in Eq.22.
A deflagrated bubble proceeds via the generation of shock waves. The expressions of the velocities v 1 and v 2 of the fluid before and behind respectively of the shock front in the frame of the shock front are [13] ,
In the laboratory frame the fluid within the bubble, i.e., behind the bubble wall is at rest, as the bubble is isotropically expanding, and also ahead of the shock front, where the temperature is T N , which belongs neither to the low-temperature nor to the high temperature phase, the fluid is at rest. Thus, the wall velocity in the laboratory frame,
because, v − is the velocity of the fluid inside the bubble in the reference frame of the wall. In Eq.24 v sh denotes the velocity of the shockfront. Thus in terms of the bubble wall velocity also, it can be said that the motion is supersonic if we can show that v − > c s for all temperatures T + outside the bubble. The fluid velocity v f between the two fronts can be written either in terms of v 1 , v 2 or v + , v − :
Putting the values of v 1 and v 2 we get,
Eliminating v + from Eqs.25 and 26 we get an expression of v − in terms of α and α N : 
V. GRAVITATIONAL WAVES
Gravitational waves [48] [49] [50] may be generated at the time of the first-order EWPT by two mechanisms [21] [22] [23] [24] [25] [26] [27] [28] : (i) Collision of bubble walls, (ii) Turbulence created by the bubble expansion. Since the strong first-order phase transition is not possible in the SM, GW cannot be generated within the framework of the SM.
The frequency and energy density of GW produced in the early Universe change due to the expansion of the Universe. The frequency varies as a −1 and the energy density a −4 where a is the scale factor. Thus the red-shifted frequency we observe today is given by,
where, a 0 is the scale factor at the present time and a(f ) is the scale-factor (frequency) at the early Universe, i.e. at the time of the origin of the GW. Now, because of the adiabatic expansion of the Universe, we can write,
Substituting, T 0 = 2.73K = 2.35 × 10 −13 GeV and g 0 = 2 we get,
The wavelength of GW in the early Universe should be a fraction of the Hubble size H −1 .
Hence, it is instructive to write f 0 in terms of f /H. Thus, we write,
where, H is given by the Friedmann equation,
ρ being the radiation energy density,
From the above equations, we get a suggestive expression of frequency of GW in the present Universe,
g * 100
where, we have used the numerical values [42] , m P l = 1.22 × 10 19 GeV and 1 GeV −1 = 6.5822 × 10 −25 sec −1 .
Let us first consider GW generation from bubble wall collisions. During EWPT, the bubble nucleation rate per unit time and unit volume may be written as [28, 51] ,
where, t i is an initial time and β is a parameter setting the time and length scales of the phase transition as β −1 and v w β −1 respectively, v w being the bubble wall velocity. Assuming f ∼ β, we can write from Eq.34,
A recent simulation [21, 28] gives the dependence of the peak frequency, f coll peak on v w as,
0.62
which is interestingly similar to Eq.36. We may also observe that the peak frequency of GW due to bubble collisions does not depend very sensitively on the bubble wall velocity.
The fractional gravitational energy density (or intensity) in the early Universe is defined as, (38) and its relation with the corresponding value Ω coll GW 0 at the present Universe is given by,
Using the value of the Hubble constant in the present Universe [42] ,
GeV −2 and Eq.30, we get,
Eq.40 gives a relation between the intensities of the gravitational waves in the early Universe and the present Universe.
The GW energy density in the early Universe is given by [51] ,
where, the efficiency factor (k) is defined by the equation,
αρ rad being the latent heat and ρ k is the kinetic energy density.
We have here,
From Eq.40 we then get,
A recent fit gives [21, 28] ,
which is close to Eq.44.
The GW produced by the stirring of the plasma or by the turbulent bulk motion of the plasma is somewhat different from that due to bubble collisions. In this case the relevant length scale is the so-called 'stirring scale' [28] , which is approximately given by L s ≈ 2R b , where R b is the bubble radius. For the largest bubble, R b ≈ v w β −1 . A better approximation [28] for this radius is
As frequency, f ∼ L −1 s , we get from Eq.36,
For the case of GW produced by turbulence, the expression of the peak intensity of the wave can be cast in the form [28, [52] [53] [54] [55] ,
We now turn to the calculations of the frequency and intensity of GW in our model. We have written the bubble nucleation rate both as functions of temperature (Eq.3) and time (Eq.35). The rates are equal at time and temperature related by Eqs.7. From Eq.35, we get,
Then, from Eqs.7 and 3 we obtain,
where, we have neglected the time variation of the prefactor in comparison to that of the exponent as the nucleation rate is mainly driven by the exponential factor [28] .
To get the derivative T Differentiating the function (Eq.51) with respect to T we can get the value of β/H at a particular temperature.
In Ref. 20 an expression of efficiency factor for supersonic deflagration has been derived in model-independent way:
0.017 + (0.997 + α)
and c S and c J are the sound and Jouguet velocities respectively.
In Fig.7 , we show the variation of GW signal generated by bubble wall collisions against temperature as well as the bubble wall velocity. The plot shows that the intensity is practically independent of the bubble wall velocity. This behavior can be understood from the the stirring scale L s of turbulence increases making the motion of the plasma more turbulent and thus the intensity of GW due to turbulence is enhanced. We also note that the signal from turbulence to be more enhanced than that from bubble collisions. Specifically, the value of the peak intensity arising out of turbulence is about 10 −13 whereas that due to bubble collisions is 10 −16 at temperure around T N . The calculation shows that the turbulent motion of the plasma was more instrumental in producing GW in the early Universe than the bubble collisions. In Fig.9 we have shown the frequency distribution against temperature for GW from turbulence as well as bubble collisions. We have also plotted the variation of 
In our model, we have got small value of α (∼ 10 −3 ) and large value of β/H (∼ 10 3 )
(obtained from Eqs.50 and 51). The low value of α is because of two reasons (see Eq. 21):
(i) large number of relativistic species (=214, more than double of the SM value) present in the plasma and (ii) high temperature of the plasma (T ∼ TeV).
On the other hand, the GW frequency is roughly given by (see Eqs. 37 and 47)
which explains the value of peak frequency in the deciHz range.
The weak GW signals that are obtained in our calculations are difficult to detect in the ongoing GW detectors including LIGO. However, there are good possibilities of detection in Ultimate DECIGO [28] and BBO Correlated [48] , as the sensitivities of these detectors conform to the frequency and intensity range obtained in the present calculation. These distinct signals of the gravitational waves are characteristic signatures of the high temperture non-standard electroweak phase transition explored [36] in LHT.
VI. CONCLUSIONS
In conclusion, we have studied in the present paper some aspects of the dynamics of the bubbles associated with first-order electroweak phase transition within the framework of the littlest Higgs model with T parity. We had earlier, in this model noticed a new region of strong first-order phase transition and proposed a baryogenesis scenario at the TeV scale.
Our general observation in the present work is that the bubble wall motions are supersonic deflagrated. It may be noted that the supersonic expansion of symmetric phase bubbles has been considered recently [14] in a different baryogenesis model. We have also considered the generation of gravitational waves due to bubble collisions as well as turbulence in the plasma.
As expected, the calculated intensities for the latter case are three order of magnitude larger than for the former case, at their peak values. Although the obtained intensities are quite small in magnitude, we expect them to be detected by some of the future gravitational wave detectors. 
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